Segundos parciales de Fisica Tedrica 3

Nota 1.

Estos parciales fueron hechos por un alumno mientras preparaba el parcial. Es por ello que es
altamente probable que hayan errores. Usense con responsabilidad. En caso de notar efectos
adversos suspenda inmediatamente su uso y consulte a su profesor de cabecera.

Nota 2.

Todos los resultados que tienen un v* es porque fueron chequeados contra los “parciales resueltos
oficiales” en paginas de la materia de cuatrimestres anteriores.

Encontrd mas material de Alf en este link.
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1. 23/11/2015

Consigna

Problema 1

Considere un sistema de bosones idénticos de masa m, espin 1 y momento magnético p,, que no interactian entre si. Las
particulas estdn confinadas en una trampa arménica tridimensional de frecuencia angular w, y ademads estan sometidas a un
campo magnético uniforme de magnitud B > 0 en la direccién z. El hamiltoniano de una particula es pues

2
P 1
H (q,p,s) = 7'2”! + gmwQ |q|” — pmBs

donde s es la componente z del espin. El sistema estd en equilibrio a una temperatura T y fugacidad z.

(a) Calcule el logaritmo de la funcién de particién grancanoénica del sistema, Zgco, y de ahi obtenga el valor medio
del nimero de particulas, N. (Ayuda: le puede ser dtil saber que el drea de la esfera de radio 1 en un espacio de
d dimensiones es I%?dj/; )

(b) Obtenga los valores a los que tiende la temperatura critica, T, del sistema en los limites B — 0 y B — 0o, como

funciones de N y w.

(c) Calcule la magnetizacién por particula, M, del sistema como funcién de 7', w, B y N a temperaturas por debajo
de la critica.

Problema 2

El pardmetro de orden asociado a la transicién de fase liquido-superfluido es una funcién compleja, ¥, que puede ser
interpretada como el nimero de particulas en la fase superfluida multiplicado por su funcién de onda. La energia libre de
Ginzburg-Landau correspondiente es

(L(T— Tc)

b 4
TP+ - | v

R 2
F(\I/,T):/d3r [Q‘W\ +
m

donde T es la temperatura, T¢ es la temperatura critica y a, b y m son constantes positivas, la dltima de las cuales puede
ser interpretada como la masa de las particulas que forman el superfluido.

(a) Obtenga la ecuacién diferencial que debe satisfacer ¥ para ser un extremo de F.

(b) Suponiendo que T < T¢, obtenga una soluciéon de esta ecuacién que describa el superfluido con densidad uni-
forme no nula moviéndose a velocidad constante v. ;Cudl es el valor mdximo que puede tomar |v| a una dada
temperatura?

(c) Calcule el calor especifico, cy, del superfluido en la configuracién del item anterior.

Problema 3

Considere una particula browniana que se mueve en una dimensién en un medio con coeficiente de friccién v bajo la
influencia de un ruido blanco gaussiano de amplitud espectral g. Sea P (z,t) la densidad de probabilidad de que la particula
se encuentre en la posicion z en el instante t. En el limite de alta friccion, P obedece la ecuacién de Fokker-Planck

o°P g 0*P
ot 292 0x2
(a) Encuentre la solucién general de esta ecuacién como una integral de la forma P (z,t) = [ dk Py (t) e™**.
(b) Obtenga explicitamente P (z,t) para t > 0 suponiendo que, en el instante ¢ = 0, la particula se encuentra con
certeza en la posiciéon z = 0. (Ayuda: ffooo dk e~k +ike — \/W/ae*ﬂ/““.)
(c) Calcule (z(t)), (2 (t)) y la entropfa de Shannon, S(t) = — [°_dx P (x,t)log P (z,t), para la densidad de

probabilidad obtenida en el item anterior. Comente su resultado para S (¢).
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Resolucion

Nota. Para una resolucién mas refinada de este parcial, mirar en la pagina 41 donde lo volvi a resolver luego de entender
un poco mejor los temas. La resolucién actual la hice ni bien empecé a preparar la materia, la otra la hice luego de una
semana de practica. Obviamente quedd mejor.

Problema 1
ftem a (preguntar razonamiento inicial)
La funcién de particion del ensamble gran candnico es

7 = Z e Blei—uNi)

V estados

Como los bosones son particulas indistinguibles y ademds no interactian (consigna) entonces la funcién de particién del
sistema se puede factorizar segin (ver pag. 55)

— _— - €;— n
Z = H Zmonoparticulari con Zmonoparticulari = § € Blei—n)

Vestados monoparticulares Vn permitido

En consecuencia,
log Z = E log Zmonoparticular i

Vestados monoparticulares

Debido a que los bosones no cumplen con el principio de exclusiéon de Pauli, entonces en un mismo estado pueden haber
desde cero hasta infinitos. La funcién de particién monoparticular es entonces

00
_ § —B(ei—p)n
Zmonoparticulari - € Alei=n)
n=0

1
1 — e_ﬂ(si—ﬂ)
1
1 — ze Pei
donde z & ePr es la fugacidad y se asumié que, para que la serie converja, e #(&—#) ¢ [0,1).

Introducing the previous result into the expression for the partition function we get

log Z = Z log Zmonoparticular 7

Vestados monoparticulares

= - Z log (1 — zefﬂei)

Vestados monoparticulares

Now the sum has to be done over each estado monoparticular. This is determined by the Hamiltonian of each particle. In
this case the energy is going to be € = J (q, p, s) with no restrictions interconnecting g, p and s so

_ Z log (1 — Ze—ﬁ%’(q,pﬁ))

allowed q,p and s

33" Y log (1 _ Ze—wf(q,p,s))

log Z

Vq Vp Vs
= Z Z Z IOg (1 _ ze—ﬁ%(bad statei)) _ Z Z Z log (1 _ Ze—.}f(nice statei))
bad states ® nice states @

Q

_Z Z Zlog (1 _ =B (bad statei)) _ //Z log (1 _ LB (nice state))

bad states @ nice states &

= _ZZ Z]Og (1 _ Ze—ﬂﬁf(bad stateﬁ) - // % Z log (1 B ze_ﬁjf(q’pas)>

bad states @ Vq Vp se{-1,0,1}

The approximation to the continuous is good enough for the higher terms of the summation (which I have called nice states)
while the lowest terms (which I have called bad states) can not be approximated. I can not find any justification right now
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but it seems that, at least for this problem, the only bad state is the fundamental' so

Z log (1 _ Ze—ﬁ%(bad statc;)) _ IOg (1 _ Ze—ﬁﬁf(q:O,p:O,s:—i—l))

bad states
= log (1 — zeﬁ“mB)

and then

d3 d3
log Z = —log (1 — ze’B”mB) — // ;]13 P Z log (1 — ze‘ﬂjf(q’pvs))
Vg Vp 56{71,071}

Preguntar si la linea de razonamientos que me trajo hasta acéd es la correcta o hay algo turbio...
3 3
From now on it is nothing more than to do the math. This is, calling = qu pr dqdp Y se{-11} 108 (1 — ze B (@po)),

Llr
7// dB;]ngp Z log (1 _ Ze*ﬁt%ﬂ(q,p’s)>

Va Vp se{—1,0,1}
dq d’p pl me? | q|”
— 7// 3 Z log [ 1 — zexp (BumBs) exp fﬂ% exp *BT
Va Up s€{—1,0,1}
det mwzq
Now we have to do a change of variables p 2 and z, = zePHmBs (this is just for less writing) so
PE ——
V2m
—3/3 —3/3
w? 1 1 2 2
() () R [ e X wlisem(a(rteiar))
VQ VP se{-1,0,1}
9 \?
= - (wh) / / d*Qd*P > log (1 — %5 exp (—B (IPI2 + IQIQ)))
vovp se{—1,0,1}

def 2 2
=1/|P
Using another change of variables given by " (PP+I1Q and inspired by the fact that the integrand is of the form
05 2 the other stuff

f (| pl>+1q |2) ~ f (r?) (i.e. passing to spherical coordinates) then

= - <w2h>3/ dos N 7 dr 2 log (1 — z, exp (—4r?))

. se{-1,0,1} .2

(the factor r® is the Jacobian). Here, [ df5 corresponds to the area of a sphere of radius 1 and dimension 6. So (using the
help from the consigna)

—

- _<w2h)3 27{33) 2 7 dr 7>log (1 = 2 exp (=6r%))

s€{—-1,0,1} .2

_ (fj};)d 3 /OO dr log (1 — zs exp (—fr?))

SE{—l,O,l} r=0

1.e. the one with the lowest energy.
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We impose now another change of variable (the last one) given by x £ Br? so dr and

2 3 o/
= — () Z / () log (1 — zse*:”)
wh s€{-1,0,1},2 2\/%
= /dmxlog 1—zse ’”)
(Whﬁ se{— 10 1320

—log (1 = /daz 71
(whﬁ> se{— 101}/(/4TJ7@( 3 1—ze
3

z=0

I
D =
e

[N}
>
m‘*
N———

—~
=
2\
\8

jsH

=2
N
H
|
|
.

Il
7N
E‘w
>
Qﬁ
~——
w
w
Q
Ny
™
N

= (j;)g > ga(zexp (BumBs))

s€{-1,0,1}
Finally, the partition function for this system is going to be

21

Whﬁ) Z g4 (zexp (BumBs)) v/

log Z = —log (1 — zeﬂ“"’LB) + (
s€{—1,0,1}

The mean value of the number of particles is, for the grand canonical ensemble,

0
—log Z
25, ‘s Zoa

0 2 \*
z& <whﬁ) Z g4 (zexp (BpumBs)) — log (1 - zeﬁ”’"B)
s€{—1,0,1}

(NV)

o7 3 Z g3 (ZeﬁﬂmBS)E/ﬁumrB?Jr eBumB
whp 2Bl BS 1 — zePrmB

se{—1,0,1}
3
21 Bs 1
- (whﬁ) ) e oy
s€{—1,0,1}

or equivalently

W=(B1) ¥ ey
wh el o z=le=BumB _ 1

Item b

The critical temperature T is that temperature for which the number of particles in the fundamental level begins to
increase?. This is

(No) [ =0 T>T¢
(Ny | >0 T<Te

which means that above the critical temperature the fraction of particles that is at the fundamental level Ny is vanishingly
small, while below the critical temperature this fraction begins to be important.

2We are talking about a Bose-Einstein condensate. For other systems such as boiling water this is not the case for the critical temperature.
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Problema 1

It can be shown? that
(N) = > (N;) with (N;) = .2 log Z;
0z

Vmonoparticular state

(where 7 stands for each monoparticular state) so

(N)=(Noy+ > (M)

all other states

and it must be true that
(N) o7 & Z (N;)

all other states

Also, when the system is at the critical temperature, the fugacity z reaches its maximum®* value which is given by

— B
Zmax = € Betm

This value is related with the fact that the partition function, which is log Z = vaonoparticular state 108 (1 — ze_'gﬁi), cannot

diverge, so z < e~ #¢ Vi, and this implies the value for zyay.
Then, at the critical temperature, we have the conditions

T=1T¢ = (N) ~ Z (N;) and z = e PonmB

all states but Ng

so using the expression for (V) from the previous item

kpTe\® s 1
(N) = (B C) > gs(zmaxeﬁc”mB)Jr%;%

wh
se{-1,0,1} [ ——

(No)

_ (kBTC>3 Z o (eﬁcﬂmB(s—l))

wh se{—1,0,1}

kpTo\® —28cumB —BcpmB
= ) los(e mB) 4 g3 (e7PormB) + g3 (1)] v

When B — 0 this becomes 5
keTc
(N g0 = ) 3% (1)

» wh [ N \7*
T -
¢ kp (393(1)> Y

and for B — o0

3
(N)) e = (’“BTC) 295 (0) + g3 (1)]

wh
SO Y
wh N 3
Te — —(—) v
¢ B—oo kB <g3 (1))

3 _ 0 _ .0 | = 9 . 9 R
<N> = %%z log Zca = oz [ZVmonoparticular state log ZZ:| - Z\‘/monoparticular state 9z log Z; and & logZ; = = oz n=0
z% ZO:O ZrePen = ZZO:() nzt~le=Pein = ZZO:O nzte Pein ZEO:O ne~Blei—mn = ZZO:O nP(N; =n) so (N)
(N;) with (N;) = 22 log Z; v
z (T) T>Tc
T<Te'

Vmonoparticular state

4The fugacity is of the form z = {

Zmax
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Item c

The magnetization of the system is

1 0
M = — logZ
NjaB 87cC
1 9 2w 3
= Y398 —log (1 — zef#m D) +<wh ) 94 (zexp (Bm Bs))
s€{—1,0,1}
1 —Zeﬁ#mB,U/ ﬁ o1 3 ( eﬁ/'bm,BS)
T NR | 1-zePunB (mﬂ) e 2T s
s€{—1,0,1}
3
_ Hm ! 2m Brum Bs
= N |z leBumB <Whﬂ) Z (Ze >S
se{—1,0,1}

Hm 1 o )
- W [Z_le_ﬂﬂnzB -1 + (Whﬁ) (93 (ZeﬁumB) — g3 (ze 5#mB))]

. o 1 . .
Here we recognize the term No = =5 (see previous item) so

No 1 /27)\°

If the system were at T' > T then % would be very small, but we are asked for T' < T so it cannot be canceled ®. Because
T < T¢ then the fugacity is 2 = zmax = e ##m 8 (see previous item) so

M = pm, []]\G) + ]1[ (kth) (93 (1) — g3 (eQﬁ,Usz))‘|

For the term ]X? we can calculate it as follows: we know that

kBT 3 s 1
- ( wh ) Z g (267 ) z=le=BumB — 1
S —

se{—1,0,1}
No
o) 5
No 1 [(kgT
1l=— — _ Bum Bs
N+N<wh> 2. g (zen)
se{-1,0,1}
and then 5
Ny 1 (kgT
— =1 = = BumBs
N N < wh > D, ga(zem )
se{-1,0,1}
Tor T' < T the fugacity is z = zpax = e~ PrmB gq
No 1 [kgT\* Bla—
L I (=i (Bum (s 1))
N N ( wh ) 2. e
s€{—1,0,1}

1 [(kgT\?
= 1o (D) o (e g (P P) 1] ¢

Replacing % into the expression for M we get

3 3
M= [”zb(%) 93 (727 ) + ga (e‘ﬂ“m'3)+gg<1)]+}v(lf§) (93 (1) — g3 (2P 5))

1 (kpTc\®
= lm [1 — N ( ihc) (_293 (e—QﬁumB) — g3 (e—ﬁp,mB))

v
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Problem 2
Item a (ask for V)
If ¥ is an extreme of F' then §F must vanish for 6W. §F is

5</d3r[ ‘V\I/‘ TfTC)MjL \IJ|D

(T —Tc)
— /d3 {5‘w‘ +2C(5|\If2+46|\11|4]

oF

Now we use 5
5(6\1/‘ — VUt VU 4+ V- VUt
S|V =060 + WoU*
slelt=2|ws| v

0
2 L .- T-T
JF = /dgr [;m (vq/*-vaq/+w/-vaqf*)+u(xp*5\p+\pw*)+
- g |2 (U*60 + w\y*)}
) ‘ 2
VU* .Vl = —V2U* §U —» = /d3r [_QHV?\I;* % f|\1/| \If} U+ ...
m
L ey e =T0)y b g 2] o
2m 2 2
3 W o 2 .
= [ @rRe( |-V ta(T—To) ¥ +b| U U] 6¥
3 [ 2 ,
= Re( [ d'r |==V2U+a(T—Tc) ¥ +b|U[° U] 6%
Now §F = 0 implies [...] = 0 so the differential equation for ¥ is

2
—h—v2\1/+a(T Te) W +b|V[*PW =0 v
Item b (why?)

We know that [ d®r | ¥ |2 = Ny where Ny is the number of particles in the superfluid phase (this is because we are said
to consider W in this way). So | ¥ | = \/ng with ng = & is the density of particles in the superfluid phase. If the density is
going to be uniform then ng is independent of r.

I don’t know exactly why but (why??) '

U = /7710€Zk r
where k = "2 because p = hk = mwv. Then, introducing this into the equation for ¥ we obtain
h2
m

( )\ﬁm(T Te) /g + 0> = 0
Vo (mv? +a (T —Te) +bng) =

Because we are looking for nontrivial solutions with ng # 0 then

a(Te —T) — mv?

ng =

so the solution is

The value of ng must be grater than zero so

Tc —T) — mv?
a(Te ) —mv >0 = vV ——
b m

@ALF 9 201808060121
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Item c

We know the Helmholtz free energy F (¥, T) because we know ¥ so the specific heat can be obtained as

oS

Tar
7F
oT?

- T%/dg [‘v\y’

C:

2 b 4
4|

01?2 2
—
Vv
o H? b (T —T¢) + mo
0? b
TV 02
= W ar [a(T — Tc) — mv?]
a2
TV2— v
Problem 3
Item a

The equation is a typical wave equation and the solution we are asked for is basically its Fourier transform along the
space coordinate x. What can be done is introduce the solution into the equation and see what happens. Lets do it! Each

derivative is

oP / o 0P ik

ot ot
R
82 2 1kx
= / dk k2 Pye
SO 8P
/ dk Sk ke — 9 / dk k2 Pei*®
ot %
R R
or

0P g ;9 ik
dk | — + —<k*P, WE =
/ <8t +2,72 L | e 0

R
which implies that® (...) =0 so
oP, _ gk?
ot 242 b
and the solution is

gk®

So in general the solution is given by

gk*, .
P (z,t)= | dk Apexp —2—W2t+zkoj
R

51 don’t know why it does not imply that (...) = ez

well...

@ALF 10
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Item b
If at t = 0 the particle is at £ = 0 this means that

P(z,t=0)=dp (x)

If we consider that the coeflicients Ay are independent of k and the change of variable given by a = #t, then the general
solution from the previous item becomes

P(x,t) = A/dk ek Fike
R

The next step is considering the fact that®

22
/ ze*H dr =27
V «a
R

=)
lim | Ze~ %5 = 270
—e da —
lim 4/ —e 7wop ()
with implies that
e z2
lim P (x,t) = lim Ay/—e 3=
t—0 a—0 [0

= 27TA(5D ({E)

so if we want P (z,t = 0) = ép (z) we need that A = 5= so the solution for this particular case is

ol ’y?
P(x,t) = Sgt exp (— 291 ) v

Item c (me dio distinto el resultado)

The mean value for x, intuitively, has to be zero. Lets check our intuition, come on!

() (t) = / xP (z,t) d

R
2 2,2
= i /xexp _ra dx
2mgt 2gt
R

0

= 0V

which is zero because it is the integral over R of an odd function x times an even function e™®, which results in an odd

function.
The other quantity, <x2>, coincides with the standard deviation o2 because o2 S <x2> — W My intuition says that it

must be linear with ¢t. The math is

(%) (1) = /xQP (z,t) dx

R
2 2,2
= i /as2 exp T dx
2mgt 2gt
R

8mwg3t3
Y

2
=
v

6See nhttps://en.wikipedia.org/wiki/Dirac_delta_function and plug this in Wolfram Alpha: integral -infty ~“+infty

(pi/a)~0.5%e"(-x"2/(4a)) dx

105 RESUELTOS |
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Yeah! It is linear in ¢ as my intuition said ®. (A Guillem le dio sin el 2)

The Shannon entropy is

St = f/d:rP(:r,t)logP(:c,t)

R
2
= —/da: 7
2mgt

2272 ~2 2242
P 29t log 2mgt AT 2gt

R
5 —x 8 \/g z28
\/;/ dx e log ( )
R

\/g dr e~ =28
s

_ ng]

R
& —a2¥ 2%
\ﬁ[E dace g/dxxe

g T
= /2 lp, /==
7T|: 3 S
- —p_ /T
8
2mgt 2mgt
= log 2 T\ T2

This result is not in coincidence with the result obtained by the professor, which is S (t) = log

where I have mistaken.

71'
7|

2”” — % I cannot find

We observe that S (t) is increasing with time, which is consistent with the fact that the more time it passes the less we
know about the position of the particle. This also indicates that the particle reaches an equilibrium? (?).

7This is what the professor said...
particle is the same: it is in a random place moving in a random way.

EALF o

I don’t know about which equilibrium are we talking about because at any instant the situation of the
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2. 29/06/2016

Consigna

Problema 1

Un gas de N fermiones libres e idénticos, de masa m y espin s, estd contenido en una caja de volumen V. Una mitad de

2
la caja estd a potencial 0 y la otra a potencial A, con 0 < A K % (%) /3. El gas se encuentra en equilibrio a temperatura

(a) Calcule la energfa de Fermi er del sistema. (Ayuda: podria serle 1til saber que T' (5/2) = %)

(b) Encuentre la fracciéon de particulas en cada mitad de la caja en los casos T > Z—g y T' = 0. Discuta sus resultados.
(c) Calcule la energia del sistema en los dos casos del item anterior.

Problema 2

Considere un sistema de particulas idénticas de espin 0 que no interactiian entre si. Las particulas se mueven en un
espacio de d dimensiones y estan atrapadas en una trampa armoénica de frecuencia angular w, de manera que las energias
monoparticulares son

e=hw(ni+-+ng)

donde ny,...,ng son nimeros naturales y el origen de las energias se ha elegido convenientemente.
(a) Calcule la funcién de particién gran candnica del sistema, suponiendo que Shw < 1. (Ayuda: puede serle 1til
saber que w ~ mF cuando m > k o bien, segtin cémo afronte el problema, que el drea de una esfera de radio

. . . oxd
1 en un espacio de 2d dimensiones es @).

(b) 1, Qué condicién debe satisfacer d para que haya condensacién de Bose-Einstein?. Asumiendo que se satisface esa
condicién, calcule la temperatura critica del sistema, T, en funcién del ntimero de particulas (que como siempre
asumimos arbitrariamente grande).

(c) Calcule y grafique la fraccion de particulas en el estado fundamental, f, en funcién de la temperatura T y en
términos de T¢.

(d) Calcule y grafique el calor especifico, ¢y, del sistema en funcién de T y en términos de T, en los casos T' < T
y T > T¢. Discuta sus resultados.

Problema 3

Considere el modelo de Potts en una dimensién, cuyo hamiltoniano es

N
H(S1,...,5N) = —JE:(SSM.+1
i=1

donde J es una constante positiva, dx; es la delta de Kronecker y, para cada i = 1,..., N, s; puede tomar ¢ > 2 valores
distintos.
(a) Obtenga las ecuaciones del grupo de renormalizacién correspondientes a decimar el sistema sumando sobre todos

los sitios pares. (Ayuda: tenga en cuenta que e*%% = 1 + & (e® — 1)).

(b) Definiendo x = e ¥, donde K = 3.J, escriba la ecuacién 2’ = R (z) que describe cémo cambia = bajo el grupo
de renormalizacién. Encuentre los puntos fijos y estudie su estabilidad. Discuta sus resultados.
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Resolucion

Problem 1

Item a (preguntar varias cosas)

According to what we were told in class, the Fermi energy can be defined as
er (V,N) ™ Jim 4 (T,V, N)
T—0

where p is the chemical potential. Then, if we find p (T, V, N) we should know €. The way to do this is obtaining N (T, V, u),
I don’t know if there is any better way. I will go that way.
The Hamiltonian for each of the particles of this gas is

e
H = — +aA
2m

where a € {0,1} indicates the position of the particle inside the box.
Because particles do not interact with each other then the partition function is

Zgc = | I Zmonoparticulari
Vmonoparticular states
with
_ E —B(ei—p)n
Zmonoparticular i = € Alei—n)

V allowed n

As the consigna says we are dealing with fermions. Thus the allowed values of n for each monoparticular state are
n € {0,1} so

— €;— n
Zmonoparticular i g e A ~)
ne{0,1}

= 1+4ze Be

The partition function then is

Zac = H 1+ ze Psi
Vi

so its logarithm becomes

log Zge = Z log (1 + zeiﬁq)
Vi

The states i of each particle are all the values of position g, momentum p and potential a in which the particle can be,
plus the degeneration g (q, p, a) of each state®. Thus

logZac =Y. > log (1 +Z€—/w<q,p7a>)
vq,p,aVg(q,p,a)
In this case we assume only degeneration due to spin so g (g, p,a) = g is constant and

logZage = g Z log (1+ze*5%(q’1”“))

Vq,p,a

= g Z Z Z log (1 + zeiﬂ%(q’p’s))

Vg Vp Vs

drd?
g Z 23 P log (1 + ze*@#(’””s))
q€eV peR3 s€{0,1}

= g/ / Z dg?;;jgplog(l%—ze_ﬁ(%“A))

qEV pElR3 36{0,1}

Q

2

V4 »2 -8 &= +A
= 933 / d3p [log<1+ze_'82m)+log<l+ze (2 >>]

PER?

8In principle nothing forbids for each state to have a different degree of degeneration, although we always consider, for simplicity, constant
degeneration.
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In the step marked with the symbol »~, if the particles were bosons we should have take into account the fact that they can
be all in one state, thus making some of the terms in the previous summations very important as to approximate with an
integral. Because we are dealing with fermions, we can approximate with no much care (7).

The first of the integrals is

p2 2 3 T 2
/ d*p log (1 + ze‘Bm) = I‘7(T32 / dr r*log (1 + ze_5m>
2

Il
4>

0
| S —
f5/2(z)
8v2 (m\"*

and the second, considering the change of variable o = ze™#%, is exactly the same. So the partition function is

V 82 s
log Zgo = 953 Tfﬂ' (m) [fs2 (2) + fs)s (ze_BA)] — Is this wrong?

g
Here I find a difference between this result and the one I think it should be, which is

10g Z6C = Gyg [foa (2) + fopa (26772)]

2)\3

with A = /-2 2“5 = being the thermal wavelength. In my result there is a difference for a constant factor involving = and V2.

From now on I W111 consider that log Zg¢ is as the second expression.
The number of particles in the system must satisfy

N(T,V,z(T,un)) = zaﬁlogZGc

= D e (D) s ()] ¢

Now we take the low temperature limit in which z = e®* > 1 so we can apply Sommerfeld’s approximation (see Resumen de
formulas y cosas in page 54. What I don’t know is why we use it at order zero, i.e. (log z)o7 but this is what the professor
did so I will to. This is

(log=)"* _ (8"

L(32) — TR

~ logz — BA)?  (Bu — BA)
f3/2 (ze BA) ~ ( gF(5/2) ) _ ( MF (5/2)>

f3/2 (z) ~

SO

~ 4 m v 3/2 3/2
NNW (W) {(BM) + (Bp — BA) } —ForT =0

Now we use the definition of the Fermi energy, ep = (T — 0), so

= ot () [ 2] <
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The next is to solve for ex. This seems to be impossible, but we can make an approximation as follows: first we solve for

[...] =... in the next way
2NT (5 onh2\ 72
€F3/2+(5F_A)3/2 (/2) ( T )

g m

so, if A =0 then

. NT (5/2)\ 7* 2rh?
€F|ag = €ro = ( 91(// )> Y

and we can write ,
6F3/2 + (EF - A)g/z = 2€F0/2

Now we consider the data from the consigna that says that 0 < A < % (%)2/3 which implies
nr (NN m2 N\ TR\
<A< — (%) ~5-(7) 4n(——) =€r®
< <<2m<V) 2m<V> ﬂ-( g ) cro

so at the end we are told that 0 < A < epg. [ don’t understand what the professor did next, he made some magical
approximations and finally got
€p =€pg+ —
E Fot 5

but if A < epq this is like saying ep = €pg... Isn't?

Item b
We know that

N = > N;

monoparticular states

= Ny+ Na

where Ny contains all the monoparticular states that are in the half side with zero potential energy and N those at the A
side. We know from the previous item that N = % [f:»,/2 (2) + fo/ (ze*ﬁA)] S0

gV
oxaf: %)

\%4
Np = 29?.]03/2 (zeiﬁA)

Ny =

High temperatures In the case of high temperatures we got z > 1 so we can approximate

Ja2 (2) = 2
J3/2 (zeiﬁA) = fa/ (eB(’“A)> ~ ze PR

where I have assumed p > A. Then

No—%z
NA—%ze#jA
N = %z (l—i-e_ﬂA)
% N, 1 N, 1
N ires Y N

If T"— oo then § — 0 and %, % — % which means that the particles begin to distribute uniformly and independently of
the difference of potential of each side of the box. This makes sense ©.
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Low temperatures For low temperatures Sommerfeld’s approximation must be used. In this case (see item a)

gV 3/2 _3/2
Noy= ———
0= Tl F
gV 3/2 3/2
NA=—I —— ~A
A= grEml A
gV 3/2 3/2 3/2
N=——= —A
3T (52) P er "+ (er = A) }
and the fractions are .
No _ e Na_  (er=2)"
N €2+ (fF - A)3/2 N €2 4 (EF o A)d/’z

We observe the fact that % # 0 and % # 0. If Boltzmann’s statistics (i.e. classical mechanics) were valid, then we would

get that % = 0 for low temperatures because all particles would prefer to be in the Ny side. The exclusion principle forbids

this and % # 0 even for low temperatures v.

Item c

The energy for the grand canonical ensemble is to be calculated as

0
=—- — In Z,
v aﬁJz,N naee

It seems that, as happened with N, it is valid that

U = > Ui

Vmonoparticular state

= Uy+Ux

with
0

Uz' = - — ani
aBJz,N

so the task should not be very complicated.
From item a we have log Zgc = g% [f5/2 (2) + f5/2 (ze’ﬁA)] so (replacing A = \/%)

3/2
qgV m
log Zy = oY <27T7i25> f5/2 (2)

gV m o2
_ —BA
log Zn = “— (2#7126) f5/ (ze )
Then

1/0 = — J IOg ZO

z,N
m

Y (Y e

and

0
Ur = — = log Z
s = ) s

G B )

2 \2mh? op

2 \27h2 ze—BA

3 gV _
= Saxplre () +

3/ —BA
= G ()| ety e B e

gV _
e fos (€ ’BA)A
| S —

Na

3 gV —BA
- imfsh (2’6 ) + ANA v

SALF i
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The energies are
3 gV

0= §mf5/2 (Z) v
3 gV _
Ua = 5;\735]05/2 (Ze BA) + ANA V
SO
U = Uy+Ua
3 gV _BA
= S U () Foa ()] + AN
High temperatures In this case f, ~ z and we can apply the results from item b that N = %z (1 + e_BA) and
Na = ﬁ to get
3 A
= —kpTN+N————
v 2B + efr +1

If T'— oo then we recover the ideal classical gas.

Low temperatures For low temperatures Sommerfeld comes to the rescue. The energies are going to be

3 gV (log2)”? 3 gV B .,

Uo= 3958 T (2 ~ 22387 (5) "
_ 5/2 5
3 gV (log (ze72)) 3 gV B 5/2
Us=2avs rep AN Taamptp ) AN
The total energy is thus
U = Uy+Ua
3 gV 65/2 5/ 5/2 (er — A)3/2
= 2P T (- A] + NA ,
ST g (7 (e ) e+ (ep — A

_ (er—0)"2 :
where I have used Ny = N€F3/2+(EF7A)3/2 from item b.

Problem 2
Item a

Because the particles do not interact and are identical, then we can apply the theorem of indistinguishable and non
interacting particles (see page 55). Thus the partition function is

Zoo = 11 Z; with Z; = Y e Plamn
Vmonoparticular state Vallowed n

We are told that the particles have spin 0 so they must be bosons. This implies that the allowed values of n for each energy
is from 0 to co. Then

Z; = (zefﬁe")n
n=0
1
1 —zePei
Thus
log Zge = — Z log (1 — ze_BEi)

Vmonoparticular state

The monoparticular states are given by the fact that each particle is a harmonic oscillator of d dimensions. Then it has
d independent quantum numbers as the consigna says. Then we have

logZge = — Z 1og(1—ze_’86("1""’"d))
V{ni,...,nq}

= =3 D tog (1 ze Pl
Vnq Vng
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This separation from one summation over all allowed combinations of {ni,...,ng} into many individual summations for

each n; can be done because there is no restriction connecting one n; with any other, i.e. they are all independent from one
another.

Replacing the energy € = hw (ny + -+ - + ng) we get

IOg ZGC = - Z e Z log <1 _ Ze*,@&(n1+“'+’nd)>

an Vnd

= — Z g (n,d)log (1 — ze_ﬁh“")
n=0

being g (n,d) the degeneration for each value of n. This is the hard part in which we have to count. g (n,d) can be thought
off as being the number of ways that n indistinguishable books can be stored into d indistinguishable boxes. Then

g(n.d) = <n+d—1>

n

SO

I
M

log Zgo (n +701l B 1> log (1 — zefﬁh‘*’”)

_ N rd-1) L —Bhwn
— z::o T (d 1] log (1 — ze )

Now we can consider the help from the consigna because the term % grows with n very much faster than the logarithm
decreases as the next plot shows

(n+d—-1)!

n!(d—1)!

| log (1 — ze_ﬁh‘*’") ‘ Red
(n+d—1)!
nl(d—1)!

nd=1 Blue

Black

d=3
using < Bhw = 0.001
log (1 — zefﬁh“’”) Green =05

1e+8
1e+7
1e+6
1e+5 ¢4
1e+4 []
1e+3
1e+2
1e+1
1e+0
1e-1
1e-2
1e-3
1e-4
1e-5

0 2000 4000 6000 8000 10000
Value for n

So it is evident (after doing the plot) that the sum is dominated by the terms with n big so we can approximate as
1 o0
log Zge & ——— Y _n?'log (1 — zeFhen
og ZGcC (d—l)'nz:;)n Og( ze )

As Shw — 0 the summation converges more slowly and we are told that Shw < 1 so we can approximate the summation
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with an integral

o0

Q

logZGc (d* 1)'

0

ga+1(2)
Jd+1 (Zd) v
(Bhw)

Item b

/ dn n% log (1 — ze_BFM")

oo

—1 nd
= B ——— 710g 1— W —/dn
(d—1)! M ;

nd —ze—Bhwn (—=Bhw)
d 1 — ze—Phwn

Let me call Ny the number of particles in the fundamental state and N, the number of particles in levels that are not the

fundamental. Then

N = Ny + N,

If the system is going to have a BEC state then?

0 T>Tc 1 T>Tc

= | No= &= |N.=

No(T) T <T¢c 1-No(T) T<1T¢
with

0 T Te z(T) T>1Tc

NO (T) = and z = €fundamental
N T—=0 Zmax = €Xp | ———— T<T¢c
kpTc

For this system in particular it is zy.x = 1 because €fyndamental = O-
If we consider to be in the limit 7" — Tgf then we must have

No=0
N.=N

T—Th =

Z = Zmax

with

0z

g (2)
(Bhw)*

zélogZ

This must not be infinite, otherwise the entire universe will be chupated by our system. Thus

d>1V

is the condition for g4 (z = 1) < o0.

For the critical temperature we know that, again for the case T'— Tg , we have the conditions previously listed. Thus

N (T =Tovz =1) = a(0)

so, using g4 (1) = ¢ (d) (for d > 1) the critical temperature is

one of this conditions. I call this a magical step.

EALF

20

te= (i) 12 ¢

9This conditions are imposed by hand. If you do the math Ng = z% log Zp = --

kpTc
hw

z
11—z

;

then clearly Nog — 00 as z — zZmax = 1 which is not

201808060121
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Item c

According to my professor'® the number of particles of the system is

N (T, z T>T, 0

N1,z = N2 © NAT ) = 2D 1og 2, 1)
No (T, zmax) + Ne (T, zmax) T <Te 0z

with, for this system in particular, N, = (g%(j))d as obtained in a previous item.

For T > T we have, by “definition of Ny”, that %JT>TC =0.
For the other situation, T' < T, we have that N = Ny + N, so

NOJ N )
N T<Tc N
- 1 9d (Zmax)
- T N AR Nd
N (Bhw)

kpTc

If N is to be constant then we can find it evaluating N (T, zmax) = Ne (Te, Zmax) = ( B )dgd (Zmax) SO

d
¥y () 7
N T<Tc TC

Finally we can write

Item d

The energy is

—  dhw ga+1 (2) v

(Bm)d+1
so the specific heat is
ou
oy = J
o |y n
d J (kgT)™**
= _— 79 z
]yn|  ()® 7 =)
Because we don’t know how to calculate %JV n ga+1 (2) is that we take the limits of temperature at this stage. Thus
ke YL
d%z T> Tc
o ()
V= a5
T |y N (kT d+l

Now we need some expression for z that allows us to calculate g—;J VN for the case T' > T¢. Luckily we have expression (1)

from where we can obtain z = z (T, V, N) for T > T¢. This is
N 94 (%)

Q

10He is a high crak, 3 consult classes. He deserves a monument.
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or
2= N (Bhw)"
S0, introducing this into the expression for Cy/,
7+ d
e )d N( ) T > Tc
o 6J (hw) kT
v = a5
T |y N (IfBT)d+1
’ d C(d+1 T <T,
(hw)d ( ) C
dNkp T>1Tc
B d(d+1)kBC(d7+? T <Te
(Bhw)
dNkp T>1Tc
= ((d) ¢(d+1)
dd+1)k = T <T
( ) B(ﬁﬁw)d <(d) C
{deB T>Tc
= C(d+1)
d(d+1)kpN.>———= T <T
Dk Tt
dNkp T>Tc
= C(d+1) <T )d v
dd+1)kp=——— | — T <T,
Db =y \ 1o ©

In particular, for T' > T, the fact that ¢y = dkp

Problem 3

Item a (impossible)

The Hamiltonian for the system is

%ompleto y posta =

is the result we obtain from classical equipartition theorem.

N
—J E 5Sisi+1
=1

N/2

= 7:]2 (552k7152k + 552k52k+1) /

]P)(SLN)

k=1

1 N
— exp ZK5311311+1
Q i=1

N
_ L IR
Q

=1

N/2

/2 :
%élo pares — —J 65k3k+1

k=1

N/a
1
P (Sla 83, - - ) = a Z €Xp (KZ Osap_1sax T 552k52k+1))

{Spares}

k

k=1 Va

EALF

(
=1
1 &
= a H Zexp KZ (532k,1a + 50«52k+1)
k=1

22
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Yo quiero que
f%ﬁcompleto y posta — t%éc')lo pares
The change of index 2k = i is nothing more than the decimation we are looking for. It consist in taking the summation
over the even indexes as the next illustration tries to illustrate:
i=1 2 3456 78 N

k=1 2 3 4 N/2

The (canonical) partition function will thus be

7z = Z e~ e

Vstates

_ Z e—,@e(sl,...,sN)
_ ZZ '3 e Belennan)

Vs1 Vsao Vsn

where the las equality holds because all the s; can take values independently of the states of the others. The following
calculation is magical for me, I don’t understand what we are doing but it is like this:

odd indexes even indexes

7 = Z ZZ Zexp —Be(s1,82,.--,5N))

V{s1,83,... } V{s2,84,...}
N/2
= Z Z Z ZGXP KZ sap_1s2r T 552k52k+1)
V{s1,83,... } V{s2,84,... }
1,83 2,84 s
— Z{: . 2; z{: - 2; I]T[lexp (K (55%_15% + 552k52k+1)>
V{s1,s83,... } V{s2,54,... =
? /2
= ZZ H Zexp(K(tsS%_ls+5552k+1))
V{s1,83,... } k=1 Vs
3 o
= ZZ H ZeK652k7156K6552k+1
V{s1,83,... } k=1 Vs
N/a
= Z e Z H Z [1 + 0sa_1s (eK - 1)] [1 + 6552k+1 (eK - 1)]
V{s1,83,... } k=1 Vs
3 o 2
= Z{ e Z} ]}—[1 VZ {1 + 0515 (eK B 1) + 6552k+1 (eK o 1) + 652k—156852k+1 (€K o 1) }
V{s1,83,... = s
N/2

- YY1 [q—f—?(eK — 1) + Gayy_ysanss (€5 — 1)2}

V{s1,83,... } k=1

, /2
L Z e Zexp Z (K(/J + K’532k7152,€+1)
V{s1,83,... } k=1
N/z
= Z exp Z (K(l)—i-K’(SS;SL )
o e
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3. 01/07/2015

Consigna

Problema 1

Considere un gas de electrones confinado a moverse en un plano de drea A. Se aplica un campo magnético de médulo B
en la direcciéon normal al plano. Sabemos que, clasicamente, las trayectorias de los electrones son circulos, por lo que cada
una de las dos coordenadas cartesianas en el plano se comporta como un oscilador armoénico. Como resultado, e ignorando la
interaccion entre el espin de los electrones y el campo magnético, se obtiene que los niveles de energia de una particula son

1
e=2uBB(n+2> n=20,1,...
donde up = Z‘g;cl es el magneton de Bohr. Cada nivel de energia tiene una degeneracién g = %
(a) A partir de la férmula general para la funcién de particién gran candnica de un sistema de fermiones idénticos
que no interacttian entre si, pruebe que en este caso
1
logZ (T, A,B,z) = 2A|qe Z log (1 + zexp <—52NBB (n + 2)))
. _ 1
donde z es la fugacidad y 8 = —
(b) Calcule el nimero de particulas en funcién de T, A, B y z.
(c) Aproxime los resultados de los dos items anteriores al orden mdas bajo en el limite de baja fugacidad (z < 1).
(d) A partir de los resultados del item anterior calcule la magnetizacién
kgT 0 J
=— — log Z
A OBlrpa.
en funciéon de T, A, B y N al orden mas bajo en el limite z < 1y SupB < 1. Luego calcule la susceptibilidad
magnética. El resultado ;corresponde a un sistema para, ferro o diamagnético? Ayuda: Sinlhm ~ % — ¢ paraz < 1.
Problema 2

Ignorando los problemas asociados al estado fundamental, la funcién de particiéon gran candnica de un gas ideal de bosones
de masa m y espin 0 estd dada por la ecuacién

|4
log Z (T,V,z) = 59 (2)

donde A = ﬁ es la longitud de onda térmica y g, (2) = r(y) I W es una integral de Bose.

(a) A partir de la ecuacién anterior, obtenga la presién p y el nimero de particulas N como funciones de T,V y z.

(b) Identifique el valor critico x. del parametro NL/\S_ por debajo del cual el niimero de particulas en el estado funda-
mental se vuelve macroscépico.

(c) Obtenga la presién como funcién de T,V y N en los casos NL/\S‘ > .y NLAB < .

(d) Calcule el valor al que tiende g—";JT v el limite 55 — = (ayuda: recuerde que g1/, (z) diverge en el limite
z—17).

(e) A partir de lo resultados obtenidos en los dos items anteriores, grafique p como funcién de V para Ty N

constantes. Interprete el grafico.
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Problema 3

Considere el modelo de Ising con hamiltoniano
N
H(S1,...,8N) = fJZsisj —,LLBZSi
(i3) i=1

para una red bidimensional triangular (ver figura). Dividamos la red en celdas de tres espines como la que se muestra en la
figura 2. Describiendo la interaccién de cada celda con su entorno mediante la aproximacion de campo medio, y tratando
exactamente la interaccién entre los espines de la celda, pruebe que la temperatura critica del sistema T satisface la ecuacién

le* +3e™* 2J
r= --— xTr =
23e* 4+ e kgTc

Resolviendo esta ecuaciéon numéricamente se obtiene T ~ 5,64%. Este resultado jes mayor o menor que el que se obtiene
mediante la aproximacién de campo medio usual?.
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Resolucion

Problem 1
Item a

Assuming the electrons don’t interact with one another then

_ _ § —B(ei—p)n
ZGC - H Zmonoparticulari con Zmonoparticulari = e Blei—n)

Vmonoparticular states V allowed n

Because the particles are electrons, they are fermions, so the allowed values for n are 0 and 1 so

Zmonoparticular i = 1+ eiﬂ(eiiu)
= 14zePe
so the partition function becomes
log Zge = Z log (1 + ze 7<)

Vmonoparticular states

= Zg (i) log (1 + ze_’@”)
i=0

- ig (i) log (1 + 26*2%33(”%))
i=0

where g () is the degeneration for the level with energy ¢;. According to the consigna this degeneration is constant g (i) =

QA‘ 9e |B
=L Then

241 ¢, | B ~ 1
log Zge = 24e|5 Zloé’; (1 + Ze_QBHBB(Lﬁ)) v

hc ;
=0
Item b
The number of particles is going to be
0]
N = z— log ZGC
0z
oA |B S e i)
= z
he o 1+ ze—28neB(i+3)
_ 2Alq|B i 1 Y
he = -1e2PusB(it3) 4

Item c

For z < 1 we have
IOg (1 + Z€—|somcth1ng\) ~ Z€—|somoth1ng\

independently of the value of |something|. Then the partition function

logZgc =~ 72A |2 | Bzefﬁ“BB Z (672(3#53)1.
1=0

hc
_ 2A|Q@|BzefﬁusB 1
hc 1 —e—26uBB
Alge|B 2
- he " ePunB _ o—BupB
Alg.|B z

he  sinh (BupB)
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For the number of particles this is

N = z3 log Zao
0z

L0 [Ale|B z
0z he  sinh (BupB)
Alg.|B z
he  sinh (BupB)

Item d
The magnetization is going to be

k

o kT 0 Ale|B =
A 0B, 4 he  sinh (BupB)
| fAlel - AlglB (1) |
- i + cosh B
BA [ he  sinh (Bug B) he  sinh? (BupB) (BrusB) Bies
_ 1 [Alg] z _ Alge] : g, pooh (BrsB)
BA | he sinh(BupB) he  sinh (BupB) HBZ Gnn (BupB)
| g | i
= _— |1 - B coth B
Bhc sinh (BupB) [1 = BupB coth (BusB)]
N el 2 (BusB)”
phe BupB 3
| qe | zupB
-V
3hc
Next we replace z = z(N) so as to obtain M = M (T, A, B, N). This can be done easily for SupB < 1 considering the
formula of the previous item N = Alffc‘B sinh(guBB) ~ Algcc‘B FsE S0
_ NheBup
A ‘ qe |
and finally
Bui;
M =—-N BV
3A
The susceptibility is
oM
X~ 9B
Bt
- _N
3A

Because x < 0 the magnetic field of the material opposes to the external magnetic field. This is a characteristic of diamagnetic
materials v'.

Problem 2

Item a

The pressure can be found according to

o=
P = — —
8VJT’H

where = is the grand canonical potential which in turn can be found as

E = —kpTlog(Zac)

\%4
= —Wgs/z (Z)

Then,
_ gs/2 (Z)
BA3
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The number of particles is

=
[

0
Za log ZGC
Vv
ng/rz (Z) v
Item b (Esta bien planteado?)

We know
N = Ny + N,

where Ny is the number of particles in the fundamental state and N, the number of particles in other states. By “definition”
we have that when T — Tg then Ny = 0 and z = 2zmax = exP (Bc€fundamental). 1 Will assume €fyndamental = 0 so that

Zmax = 1. Considering all this we must have

0
NeJT—>Tg = N*M
N(T=T¢,z=1)

Vv
= 392 (1)
PPRet
Vv
= 3¢060R)
e
so in conclusion, at the critical point, N = )\%C (3/2). Thus
C

1
EON

LTe =

Item c

For % > x. then

1 1
> = g3, (2) K ((3/2) = g3y (2) 2K 1
g 2) 7 C OB SR = 0 ()
so we have
oz
= 53
|4
N:FZ
and NknT
P="~v
|4
For the case 155 < . then z =1 50 g5, (2 = 1) = ( (5/2) and
¢ (%)
pP= v
BA?

SALT .

201808060121


https://losresueltosdealf.wordpress.com/

Problem 2 3 01/07/2015

Item d (MAL ®)
This is

— zk 1

WV pn | N CO/2)
BV ((3/2)
— l 21
pv?
N ((5/2)

BV2 ¢ (3/2)

The right way to do this is

¥l =l 5]
WV | rn WV |pn | BN
1 g/ 8zJ

TN

BN 9z OV

g2 (2)1 02
BX3 2z OV |y

935 (2) Olog z
BNV oy

We know that N = 359, (2) (this is valid only for z > z.7?? Why????) so

N3
A = G3/2 (2)

and then, applying %JT_N at both sides

N>\3 B 893/2 (Z) %
V2 0z OV |y

1 0z
g1/2 (Z); v Iy

0 (2) 810ng
POV |y

from where it can be obtained

Olog ZJ NN
v lrn g (2) V2
Replacing this result we finally obtain

orP _ G (2) NX3
oV |1 n BA3 gy, (2) V2
_ NEkgT g3/, (2)
V2 gy, (2)
gsps (2= 17) = C(3/2)

Finally we take the limit for z — x}. This implies, also, z — 1~ and 1 SO
g1/2(z%17 ):oo
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Item e

From item ¢ we have
NkgT

b v V> Ve
) CG/2)
ﬂ)\g V < Ve

where Vo = z.NA? (obtained just solving for V' from w5z = . = Z@my)- The plot is then something like this

Ve

and its interpretation as follows:

= The phase transition is of first order because if we begin at the blue dot and decrease the pressure by an infinitesimal

amount, then V' experiences a finite change. This implies that V (T, P, N) is not continuous and because V = g;clz

[
we conclude that this is a first order phase transition v'.

s For the region with V' < Vi we find multiple states all with the same P. This implies the coexistence of two phases

(7).

Problem 3
The exact Hamiltonian for the Ising model is
H = —J sisj—,uBZsi
(i,7) Vi
J
S )LD DI o
Vi jev; Vi
J
TS ) DY) pi
Vi jev; Vi

where (i, j) denotes that the summation runs over all the pairs of near neighbors (this is the traditional notation) and V; is
the set of near neighbors of ¢ (this will be my notation which, from my point of view, is clearer). Note that each spin has
different neighbors, thus V; # V, for i # /.

The mean field approximation (Bragg-Williams) consist in approximating the term s;s; as follows

sisj = ([si—3]+3)([s; —3] +3)
[

= Fs;+35s; -5V

where 5 is a number that we don’t know at this stage and represents the mean value of the spins.

10§ f 110§ [
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Introducing this into the Hamiltonian

H = 7—22553 ;LBZSZ

Vi jeEV;
—522 (si§+sj§—§2) —uBZsi
Vi jeV; Vi
15 3TH SERES 35 SIRE) 5 SR IH7) it
Vi o jEV; Vi jEV; Vi jev; Vi
(V] V]

_ 7% |V|Zsi§+§|v|;5i—§2§|v| *UB;SZ'

= —J|V\SZSZ —82N|V| /LBZSZ
Vi

where | V| is the number of near neighbors (note that, although V; # V, for different i, £ because each has different neighbors,

| Vi| =|V¢| = | V] because all spins have the same number of neighbors).

In the case of cells plus mean field the trick is, when we doing the approximation for s;s; in mean field, to consider the
next!!

8iS; = SS;+ 8sj — 52

= §s-—§ + Es-—i
N ) )

Here, each of this terms depends only on s; or s; so each can be considered as the interaction of one spin s; with one neighbor
in the mean field approximation. Then, the Hamiltonian will be

f%pall the system — § f%)ach cell

Veell
with
Home cell = Hinside cell + Heell-mean field + Heell— Berornal
J 52
= 3 g E s;85 —J E E 551—5 — uB g i
Viccell jevii"'ﬂcmal Viccell jeV‘;Xtcmal Viccell
J J
2 : 2 : - 2 : =2 § :
- _5 SiS5 — J | Vexternal | S s; + 5 |C611‘ |Vexterna1 ‘ s — MB S; v
Viecell jeViﬂtemal Viecell Viecell
J | cell |
2 : 2 : = § : 32 2 :
- _5 SiSj —J | Vexternal | S S+ ——— /j,B S;
Viecell jeyinternal Viecell Viecell
Hinside cell Heell-mean field Heell - Bogpernal
where
cell Is the set of spins of this particular cell
| cell | Is the number of spins inside the cell
yinternal  The set of neighbors of 4 that are inside the cell

yexternal - The set of neighbors of i that are outside the cell

This is the most general expression for the Hamiltonian of one cell using the mean field approximation for the Ising model.
In this exercise we have 3 spins per cell, each spin with 2 internal neighbors and 4 external neighbors, according to the
next drawing:

1 This is what the professor told us to consider.
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A
ALA

SO
J - 3
Hone cell = -3 Z Z s;8; —4Js Z si+§4js —uB Z S;
i€{i1,iz2,iz} jeVinternal 1€{i1,i2,13} 1€{i1,92,i3}
= D) (s152 + s153 + s251 + S283 + S351 + S382) + . ..

--~—4J§(81+82+83)+6J§2 —/LB(Sl +82+83)
—J (5182 + S283 + 8351) — 43 (81 + S2 + 83) + 6J§2 — ,LLB (51 + S92 + 83)
= —J (5182 4 5253 + 5351) — (uB — 4J3) (51 + 52 + 83) + 6J5% V'V

The generic expression for the Hamiltonian turned out to be correct. Nice ®.
Now, the partition function of one cell is going to be

§ —BHone cell (51,52,8
Zeell = e P 1(s1,52,53)

\V/Sl,SQ,Sg:il

where Vs1, 55, s3 = £1 means that [s; sy s3] € {[-1 -1 -1],[-1 -1 1],[-1 1 —=1],...,[1 1 1]}, they are
in total 23 = 8 combinations. Thus'?

Tt = o—B6J5 (e—,é’[—3J+3(pB—4J§)] 4 3¢ BLIH(UB—4T5)] | 3,—BlJ—(uB—4T3)] +e—,8[—3]—3(uB+4J§)])
— o B6J (635‘]@*3“”3*4"?) 1 3687 o=B(uB=4T5) | g,~BT B(uB-4J5) | 635J63ﬁ(p3+4J§))
= 68T (2¢*77 cosh (33 [uB — 4J3]) + 6e 77 cosh (8 [uB — 4J3])) v

The value of 3 is given by!?

1 0
5= 1 Zee
3 |cell| B OB 08 el
This equation is of the form
s=f(8T)
(where f(5) = ma% log Zcen). If the system is going to have a phase transition then we must hope the graphical

solutions of the previous equation to be something like this (for B = 0):

All with B=0 f6.T = Tp)

fGT<Tc)

[T >1Tc)

S

12This calculation is very easy but has to be done with much care, because it is very easy to get confused just because it has many terms.
13This is magic, I don’t know where this came from.
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(the professor told us to assume the graphic of f (3) to be more or less like that). Then, as shown in the plot,

5 <1 T>T¢
afJ -1 T=Tc
S 0 s—

B=05=0 1 51 T <7Tq

If we want to find a condition for T (as we are asked for by the consigna) then we see what happens if we impose

of

5 = 1. The calculus is

J B=0,5=0,T=T¢

log Z.en = log {e‘ﬁﬁﬁ? (263’8‘] cosh (36 [uB — 4.J5]) 4+ 6?7 cosh (8 [uB — 4J§]))}
—68J5° + log (2€3"7 cosh (38 [uB — 4.J3]) + 6e " cosh (3 [uB — 4J3]))

s0
dlog Zeen  2¢%%7 sinh (38 [uB — 4J3]) (38u) + 677 sinh (8 [uB — 4.J3]) (Bp)
oB 2e367 cosh (38 [uB — 4.J38]) 4+ 6e=P7 cosh (8 [uB — 4J3])
and )
387 _ATs —BJ _ATs
1 d log Zoey = 1 2¢*sinh (38 [uB 4Js])j/37@7fj+ ¢ e=#7 sinh (3 [uB 4J3)) (B

|cell| B OB

Now we impose B = 0 so

381 2e387 cosh (38 [uB — 4J35]) + 6e=P7 cosh (8 [uB — 4J3))

19 log Z _ €*/sinh (128.J5) + e #7 sinh (43.J5)
|cell | B OB § Scell o €37 cosh (123J8) + e~P7 cosh (43.J3)

This is f (5,7, B = 0). Now we calculate

af _ 12BJ€3#7 sinh (128J3) + 43Je~ "7 sinh (43.J5)
95 | gy €387 cosh (128J5) + e=# cosh (48.J3)
38J o - —BJ o -
e Cos §) + e~ P cos s

and impose s =0 and T = T¢ so

1

of 128cJe?Pe’ + 4BcJe Pl e3Pcd 4 o= 360 —Bod
‘%J B=0,5=0,T=Tc - e3bct 4 e=Bol 3957 4 ¢—hcd (1260 e +46cJe )

1250J€3BC‘] + 450J6_BC‘]
6360J J'_ 36_[30']

-~

I don’t know how the professor did to arrive to the last result. I will assume I have made a mistake in some step during the
derivation.
Now, calling x = 2J ¢ the previous expression becomes

af B 6res® 4+ 2pe— 3"
85J B=0,5=0,T=T¢ - e3% 4 3¢~ 3
_ 6xe®® + 2z
= T
_ gperdite”
e* 4+ 3e~*

I have some math error but I don’t care, this is the way the exercise is solved. The last step is to equal that to 1 (as stated
previously) and we are done.
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4. 13/07/2016

Consigna

Problema 1

Considere un gas de electrones confinado a moverse en un plano de drea A. Se aplica un campo magnético de médulo B
en la direcciéon normal al plano. En estas condiciones, ignorando la interaccién entre el espin de los electrones y el campo
magnético, se obtiene que los niveles de energia monoparticulares son los de un oscilador armonico,

1
ezhw<n+2> n=0,1,2,...
donde w = %. Cada nivel de energia tiene degeneraciéon g = ZA‘(IZ#. FEl sistema se encuentra en equilibrio a temperatura
T y fugacidad z.
(a) Usando la férmula de Euler-Maclaurin, Y07 f (n+3) ~ [;° du f (u) + 57" (0), pruebe que la funcién de
particién gran candnica del gas estd dada por
kBT 1 hAw z
log Z ~ -
R v LS A yu Gt s
Discuta el caso B = 0.
(b) Calcule la magnetizacion M = kgT %J 7 4. 10g Z del gas en funcion de T, A, B y el ntimero de particulas N a

primer orden en B, y obtenga de ahi la susceptibilidad magnética del gas. Discuta los resultados.

Problema 2

Considere un gas de N particulas libres de espin 0 y masa m que se mueven en un espacio de d dimensiones. El gas esta
contenido en un recipiente de volumen V' y se encuentra en equilibrio a temperatura T. Supondremos que d > 1, lo cual es
una simplificacién porque g, (2) & z para v > 1.

(a) Calcule la fraccion de particulas en el estado fundamental, la presién y la entropia por particula del gas como
funciones de T'y v = %, y grafiquelas a T constante. Discuta sus resultados.

(b) Calcule el calor cedido por particula cuando el gas condensa completamente de manera cuasiestatica e isotérmica.

Problema 3
Considere una cadena unidimensional de Ising formada por N espines en presencia de un campo magnético.

(a) Encuentre las ecuaciones del grupo de renormalizacion correspondientes a decimar el sistema sumando sobre
todos los sitios que no son multiplos de 3.

(b) Particularizando al caso donde el campo magnético es nulo, obtenga los puntos fijos y estudie su estabilidad.
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Resolucion

Problem 1
Item a
T have solved a similar exercise in problem 1 from 01/07/2015, see page 26. In that exercise I have found that
log Zgc =g Z log (1 + zeiﬁhw(”%))
i=0

without making any approximation. I will continue from here. We can identify
1
f (” + 2> —log (14 ze~(r+3))

so that (using the Euler-Maclaurin formula from the consigna)

oo

= —Bhw(i+3)) ~ —Bhwu 1 ﬂ
glog(l—kze 2) /du log (1 + ze )+24 o,
= 0

22 f2(2)

The first integral can be calculated as

(oo} 1 oo
/ duu®log (1+ze ™) = Y / dz z%log (1 + ze™ ™)
0 0

0 oo

1 a+1 a+1 -z (_1
= x lo zeﬂ”) —/dz x 267()
=0

betl | a@ + a+11+ze®

0

. T(a+2) 1 7 ¢t dy
botl(a+1)T(a+2) ) z7ter+1
0

fat2(2)
_ TI'(a+2)
- pa+1 (a+1)fa+2 (Z)

and the derivative is

afJ _ Ze—ﬁhw(n+%) (—Bhw)
on |, 1+ ze B (n+3) 0
z
142

—Bhw

so finally

1 1 z
logZ =~ g{ﬁfwh(z)_%ﬁhwl—f—z] v
Iqu{ me 1 Bhlg|B =z ]

he que'sz (2)
1 1 8lg|"B* =

FfQ (Z)iﬂ 2mmec? 14z

= 24 —
24 mc 1+2

= 24

Evaluating this for B = 0 it is obtained

2

1

logZ = 24| —— | f2(2)
2mh?
kgTm

2A

which is nothing more than an ideal free fermions gas.
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Item b

The magnetization is going to be

0
M = kT — log Z
o 8BJTAZOg

241y

0
kB aBJTAZ(

_ ZAMIﬂ“Ie'B ?

12 Zame? 1+ 2
Algl =

- 4 B
127 mc?2 1+ 2 v

Now we must find z = z (N) (we are asked for M = M (T, A, B, N)). Because we have obtained M = f (z) B which already
is at first order in B, then we need z to zero order in B.
For this we can consider

1B|q€| B? 2
24 2mme? 14z

1
pfz()

)

1o}
N = zalogZ
d 1 Ef 2 §2§J
2A
= Ffl(z) v

where the term that has been canceled is because it is quadratic in B, and we are interested only in constant terms.
For inverting f; (z) we consider its definition
o0
def
—1690 + 1
0

—x
- /de
1+ ze ®
0
o0

0]
= —/%bg (1 + zefz) dz

0
= —log (1 + ze*g”)ﬂigo

= log(l1+2) v
Replacing this into the expression for N we obtain N = %\—‘2 log (1 4 z) from where
z= e% -1V
Finally we can introduce this in M so
2

A |qe |2 et — 1

M=—— BV
121 me? A
and the susceptibility will be
_ou
X~ 9B
2
A -1
_ | ge |* e %

2 NA2
1271' mc e ZA

Because x < 0 the material is a diamagnetic. Also, if we take h — 0 then A — 0 so x — 0. This tells us that the effect is

h—0
purely a quantum phenomenon v'.

Problem 2
Item a (Consultar varias cosas!)

The partition function is, due to the theorem in page 55,

log ZGC = Z log Zz ZZ = Z (ze_ﬁéi)n

V monoparticular state ¢ V allowed particles n
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Because the particles have spin zero, we are dealing with bosons. Then the allowed number of particles n can range from 0
to co. Thus

o0
Z; = Z Z(fﬁ6
n=0
1

and

logZ = -— Z log (1 — zefﬂei)

V monoparticular state ¢

= _ Z glgpTog (1 _ Ze*ﬁf(q,p))

V allowed q,p

33 log (1 _ Ze—ﬂe(q,m)

Vq Vp

where g (g,p) = 1 is the degeneration for each g,p and the allowed values for g and p are from a quantum point of view,
they are not the classical variables!*. Now it comes the magic, we apply the next tricks:

logZ = - ZZ 1og(1—ze qp)) ZZ log(l—ze BE(qp))

Vaq, pzclassical Vq,p#classical
Ask for this = = // 10g 1 — ze™ (q,p)) —log (1 - e~ Béfundamental state)
Vq Vp

where we have considered that the only “not classical” state is the fundamental. Also, d are the number of dimensions of

the space.
We are told that the particles are free, which implies that the energy levels are

p2

2m
€fundamental = 0 Non classical states

dqd 2
log Z // qd plog(l—ze_ﬁgvl)—log(l—z)

Vq Vp

V d ,51’72
=~ dp log [1—ze P2m | —log(1—2)
Vp

€(q,p) = Vq, p ~ classical

so the previous equation writes

rT =
Now for solving the integral we can consider the change of variables P so that we pass from Cartesian
04—1 = the other stuff

d
to spherical coordinates and use the happy relation'® d%p © I?Er; r?=1dr so

d (oo}
2mr2 1 d—1 =
= v dr x~ 2z 2 log(l—ze 2m>
r(%)2 —
2) %7 4

14To be sincere I don’t really understand this step. Maybe when I course Teo 2 I will understand. At least for now it is black magic.
15The integration over the r = 1 d-sphere has already been performed.
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so the partition function finally is

log Z

K 2mm
hd 15}

d
2

)2 gura (2) — log (1 — 2)

= V(g ) 09— lox(1- 2

Vv
— +ng/2 (z2) —log(1—2) v

where the + sign was forced, I don’t know where have I made the mistake.

Because the consigna says that d > 1 and g, (2) & z then
1%
log Z = ac log (1 —z)

The number of particles of the system is gonna be

dlog Z

N =

e

|4 z

- ﬁz + 1—=2
Here we identify (using eq. (1))
%Z T > TC
N(T,z) =

v
NO (Ta Zmax) + V

z
1—=z

Note that I have thrown away the term

T<Tc

(2)

by hand because it always gives troubles. This term corresponds to Ny but,

because of something related to the thermodynamic limit, it is wrong. Or something like this. The fraction in the fundamental

is going to be, for T' < T¢,

No _ y_Ne
N N

and for T' > T this fraction is “by definition” null. So

Pressure can be obtained from

where Z is the grand canonical potential, which is
= = —kpTlogZ

V

thus

P = kpT dlog Z

oV lrn

2 kpT

= 3710ng
kT
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Problem 2
If we are above the critical temperature then % = vz (see (2)) and
kT
p="E
v
Thus T
B T>1,
p=< "
kT

The entropy can be found considering that the grand canonical potential is = EU-TS - uN so

1 1 1
==-U—-==2—=uN
S=pU =g
0
U=- %J IOg ZGC
where each quantity can be obtained from ¢ _ vz . The internal energy is

= = kBTIOg ZGC

uw=kpTlogz

m
dkpT
= Ve Y
The grand canonical potential is
2 = —kpTlogZ
v
= —]fBTFZ
Then
1. dkg? 1 1% 1

Vz d
= kp <)\d <1+2) Nlogz)

d
s=kp <K§ <1+2>—logz> v

Because we don’t like z we would like to replace it by z = z (v,T'). From (2) it can be replaced so that

and the entropy per particle is

d d
k3<1—|—2—log>;)) T>Tc
s(v,T) = v

v d
— 1+ = T <T
kB)\d( +2> <Tc

10§ f 110§ [
@ALF 39 201808060121
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Problem 3 (have no idea) 4 13/07/2016

Item b
The liberated heat is

Qliberated = _Qabsorbed

= - / 6Qabsorbed

= —/TdS
= - /dS

=T (Snormal phase — Scondensed phase)

d ¢ d
_— k3<1+—log)J —k-B”d<1+>J
2 v critical point A 2 completely condensed

= kBT<1+;l> v

— v — i ; No
=1and /\dJcompletely condenseq = 0 (this can be seen in the formula for 3¢ ).

d

because ’\—J

v L .
critical point

Problem 3 (have no idea)
Item a

The Hamiltonian for Ising is

T = —JZO’in —,uBZJi
(4,9) Vi

where (7, j) denotes that the summation runs over all pairs of first neighbors, once per each pair. For the 1D cyclic case this
is just

N
% - — Z (Jaigi+1 - ,LLBO'Z)
i=1

which can be better visualized considering the next drawing:

12 i i+1 N
When the summation is standing at ¢ it counts the spin interaction between ¢ and the “next” neighbor ¢ 4+ 1 and the
interaction with the external B of the i-th spin. Because the string is closed, then when i = N we are counting the spin
interaction between iy and 4.
Because then we want to apply the renormalization group theory, I don’t know why right now but, the next equivalent
expression for the Hamiltonian is better

N

B
H = — <J0i0i+1 - % (oi + Ui+1)>
i=1
N/3
H = — Z [J (03i03i4+1 + 03i+103i1+2 + 03i4203i43) — B (03; + 03i41 + 03,42)]
i=1

The Hamiltonian for Ising is (closed chain)

J
(—231-31-1 - /JBSi)

J B
<_23i3i—1 - % (si + 81‘-1))

%:

I
1= 1=

2
~
w

J
= (—2 [S3k—353k—2 + S3k—283k—1 + S3k—153k] — 1B (S3k—3 + 253k—2 + 28351 + 53k)) v

o
—
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5 23/11/2015 - SEGUNDO INTENTO

5. 23/11/2015 - Segundo intento

La consigna se puede encontrar en la pagina 3.

Resolution

Problem 1

Item a
The partition function for bosons is
log Z = — Z log (1 — ze‘ﬁei)
Vmonoparticular state

€; is the energy of each monoparticular state. In this case, each monoparticular state will be given by the allowed values of
q,p and s. So

gz = — 3 log(1—ze Pelar))
Vq,p,s
Y Y (1 e an)
Vg Vp Vs

where the second equality holds because there exist no restrictions connecting g, p nor s, thus the allowed values for {q, p, s}
are just the allowed values for g, the allowed values for p and those of s.
The next step is a little bit magical. I don’t know the justification but it seems that

logZ = logZy+logZe.
= —log (1 _ Ze—ﬁsfundamemal) _ Z Z Z log (1 _ Ze—Be(q,p,s))
Vq Vp Vs
except the fundamental
dqd?
~ —log (1 — Ze*ﬂéfundamenml) _ //Z Zd p log (1 _ Zefﬁe(q,p,s))
Vq Vp Vs

where d is the number of dimensions. In this case the fundamental level is

€fundamental — € (0, 0, +1) = 7,UIBB

SO

d,, qd
log Z = —log (1 — zeB”BB) — //Z d Z;l p log (1 — Ze—ﬂe(q,ns))

Vq Vp Vs

w Now we have to arremangate and calculate the integral. This is

hiA] Z // dqdip log (1 - ze—sznp2—‘”';“2q2+6u33s>

56{71,0,1}Vq Vp

mw?
> // d?qd’p log (1 zse;"ﬁﬁ?qz)

SE{—LOJ}vq vp

= (ﬂpioﬂ)g (2;75)5 Z //ddedp log (1_2867Q2,P2>

s€{-1,0,1}vq vp

Now, because the integrand is of the form f(|Q + P|) we consider to change variables to spherical coordinates in 2d
2 def 2 2
r°=Q°+P

2d—1 = other angular coordinates

dimensions (d for Q and another d for P). Then we will use so that

27
d dp __ 2d—1
deP——F(d)r dr

@ALF Al 201808060121
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Problem 1 5 23/11/2015 - SEGUNDO INTENTO

and then
hd _ i d Z 27Td /d'f‘ T2d llOg (1—21 e " )
Buw I'(d) ’
s€{—1,0,1} 0
d d o0
2 2 1
- (ﬁw) > F?d)/dz ot log (11— 2e)
se{—1,0,1} 0
d d o0
2 7T d—1
= <[3Ld> Z () / dx %" log (1 — zg€ x)
SG{*l,O,l} 0

2 \° 7 D(d+1)
- () X f e

s€{—1,0,1}
27\ ¢
= & > gari(2)
s€{—1,0,1}

Introducing this back into the expression for the partition function we finally obtain

d
2
logZ = -—log (1 — ze’B“BB) + (hﬁw) E gd+1 (2s)
s€{—1,0,1}

kpT\*
—log (1 — ze’B“BB) + <7§,u> Z gd+1 (zeB”BBS) v
s€{-1,0,1}

The number of particles N will be

) Ne T>Tc
Tl N+ N, T<Te
where
0
N, = z—logZ.
Zaz og
o | (kpT\" SunDs
= 25 1\ e > gar(ze )
se{-1,0,1}
k;BT ‘ wp Bs
= (m) Z gd (Zeﬁ/ B )
s€{-1,0,1}
and the expression for Ny should be
0
Ny = z=—logZ
0 Zaz 0g 4
9 B
= 25 [—log (1 — ze 5 B)]
. ZGBHBB
T 1—zePusB
1
s leBusB _ |
o) .
kT
( o ) 2 gulaen) T>Te
N = se{—-1,0,1} (3)
! kBT ‘ —2BupB —BupB
z—le—BusB _ 1 + B [gd (e ) +9d (e ) + 9d (1)] T <T¢c

hw
really don’t know which answer is correct (I guess that the professor’s one) because sometimes the answer is just N = N,

and sometimes it’s not.

105 RESUELTOS |
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Problem 1 5 23/11/2015 - SEGUNDO INTENTO

Item b
First of all we must find the critical temperature. For this task we use the fact that N (zmax,Tc) = N because
N, T>1Tc z(T) T>Te
= . Remember that z = . Then
NO _|_ NS T < TC Zmax = eﬂefuudamental T S TC
kTc )
N (zmaxs Te) = ( o ) D> ga (zmaxe™7P)
se{—1,0 1}
kplc ¢ - B Bs
<ﬁw> Z (ﬂuseﬂuB)
se{—-1,0,1}
d
kT, )
= ( 125) Y (eﬁuBB(é—l))
s€{—1,0,1}
kpTe\®
R

so the critical temperature is
1
N @ hw
Tc = 2Bup B B T
ga(e=2P1nB) 4 gq (e=PrsB) + g4 (1)) kg
When B — 0 the previous equation writes

S

I
7 N
g =

=
N—
-
FIE

When B — oo this is

N T hiw
fo = (gd(0)+gd(0)+gd(1)> kp

Item c

The magnetization is obtained according to

1 9
1 0 kpT\* )
= W@ —log (1 - Zeﬂ'uBB) + < Ao ) Z 9d+1 (Ze’BMBB )
se{-1,0,1}
. 1 KNB kT d gd (ZGB”BBS)
= W T BnsB ] + ( o > 6{_21:0 . PO Wﬁugs

= 52 o (55) st rteen)]

m at this stage because if not, then when we impose T' < T¢ (and

2 = Zmax) this factor goes to infinity. We don’t like that.
Now yes, because temperature is below critical then z = e~ ##85 5o

d
M o— MWB |}%+ (kthT) (_gd (6—26ALBB) +gd(1))]
d
= kB []]\\TS +% (k}iT) (—9a (6_26“33) + C(d))]

105 RESUELTOS |
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The fraction % can be obtained from N = Ng+ N, = 1= % + NW SO

No ) Ne
N - N

- (kfwT)d [Qd (672[3#33) + ga (efﬁuBB) + ga (1)}
(haTe )" [gy (e=2618B) 4 gy (e=PunB) + gq (1)]
T d
-1 (z)

where we have used (3) to replace N, and N. Thus

(23 () e s

The professor has expressed this result in a different way, I think its only a matter of how he wrote things and both answers
are OK. For the professor approach you can see my previous resolution of this exercise in page 8.

M = pp

Problem 2

Item a

The condition for F' to be minimum at ¢ is
dFF =0

where OF OF
dF = —d +
o9 T oy

dy*
The first term is

oF
o

SH
Y
<

(K20 | 2 a(T—Te) 8
%% VUJ’ 2 W" +48¢|¢|]

[ K2 o a(T—Tg) W) 2 Y
_2(V2¢)+2<waw+¢>+4w (v52 +u)] v

r 2
I CTTE) (g g 1 ) + |w|2<wdw*+w*dw)}

_2m
or [ 1 () do+ [T

S
Y
<

S8
@
<

(V2*) dip +

+2|w|2] (W dy™ + 97 dw)]

while the second one

ol 205

[ B2 2 a(T*TC) W) W) *
_%(V ¢)+2(¢+w (w>+ 2|4 (ww (wﬂ dip

27 )
. LT @av v )+ 10 @avt 0 dv)]

K2k +2

o 2m aw* 4 01/}* ¥ ]

SH
@
<

B o (V2y) dy* + 5
h2 a(T—Tc)
2m 2

/
/
/
/
or dy* = /dgr -
/
/
/

(v20) v+ | + 31l wav + v av)]

Thus

a (T — Tc)
2

a(T —1Tc)
2

3 _h‘2 2 % b 2 * *
dF = /dr Qm(vw)dw{ +2M<wdw + " dy) +

2

h .
o (V) dyp* + [

H

+310 P @aw + v ap)

[ %2
= /d% ;—m(v2¢*dw+v2wd¢*)+[a(T—TC)+b|¢|ﬂ (wdwww*dw)]

- /d3r _(th“'w*Jr [a(T—T )+b|w|2] w*) dib + (th%H [a(T—T )+b|¢|ﬂ ¢> A
N L\ 2m ¢ 2m ©

2
_ /d%« zRe(<2f;nv2¢+ [a(Tch)+b|1/)|2} ¢) dw)
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Problem 2 5 23/11/2015 - SEGUNDO INTENTO

If dF' = 0 then its integrand must be null (why?) so
h2 2 2 *
SV + [a(T = To)+ b1 | v ) dv* =0
m
Because di* is not null then (...) =0 so

2
TP a (T~ T b P = 0
m

I don’t know why but the professor arrive to the same but with the negative of the first term...

Item b
By art of magic we have that A
1/} _ Mezk-r
where ¢ is a constant, k = £ = v and r is the position. Introducing this into f%ZV%/J +a(T—Te)Y+bly[*p =0 we
obtain )
—k? +a(T — To) /g™ ™ + bngy/age™™ = 0
m
SO
a(T —Tc) + L2
no = —
b
a(T —Tc) +mv?
S0

Te —T) — mv?
¢:\/a(c b) my exp(i%UW‘) v

For finding the maximum value for v we impose ng > 0 so

a(TC — T)

v < v
m
Item c
The specific heat can be found using
oF
o -
oT V.N
_ 7 35J
oT V.N

82FJ
= -T=——
aT? |\,

From here it is nothing more than doing the math.
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6. 29/06/2016 - Segundo intento

La consigna se puede encontrar en la pagina 13.

Resolution

Problem 1
Item a

Because it is a gas of fermions the partition function will be

log Z = Z log (14 ze 7<)

Vmonoparticular states

The energy levels will be given by

p?
i =— 1Al V,
€ o + {q S A}
. aet | 1 If z is true . . .
where 1 {z} is the indicator function defined as 1{z} = and Vx is the half volume with potential A. All

0 else
the monoparticular states for each fermion are the all the possible combinations of q, p and s allowed for each particle. Thus

log z = Z 1Og (1 + ze_ﬂ |i%+A1{qEVA}i| >

vVq,p,s

p2
Z Z Z log (1 + 2’676 [erAl{‘IGVA}} )

Vq Vp Vs

where this holds due to the fact that q,p and s are all independent of each other. The next step is to consider the spin
degeneration and replace the summation over s with g,

—ﬂ[%er{ v, }]
logz=zzgslog(1+ze : )

Vq Vp

@ALF 46 201808060121
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being gs = 2s + 1. This double summation can be approximated by an integral of the form

dip dd —B{LjﬁAl{ ev, }}
logZ = gs// id q10g<1+26 ’ e

Vq Vp

d —B| & +A1{qeV,
= Gs / / /dz qlog<1+ze {M tae A}]>

VqeVaA Vq¢Va Vp

al 2
paq log (1 + ze‘Bg’m)

d?pd? 8 amea d“
// P qlog<1+ze : }>+// a

= s
VqEVA Vp Vq¢Va VP
s A 2
— % VA/ddp log<1+ze : >+(V—VA)/ddp (1+ze—ﬂ§m>
Vp vp
9s d —,8’”—2 d _Bﬁ
= 13 Va | d% log 14+ zae™P2m | +(V =Va) [ d% (14 2ze 72w
L Vp vp
9s QW% d—1 -8B -3
= = Va | drr log (1 + zpe 2m (V=Va) [ dr rd 1 + ze 2m)
hiT (3)
L o 0
s 2 g d 1 - p d 1 d—
= %1—‘7@) Va / ; T log (1 + er_%””) +(V—=Va) 796 T (1 + ze_%g”)
0
d i %)
- I 7T2d VA/dm z? 1log(1—|—er Fm ) (V —=Va) / 21 <1+ze7%z)
hiT (5)
0
d
gs T2 T +1
= hd(d(z) [VAfd/2+1 (za) +(V = Va) fd/z+1 (Z)]
2 ( ) d
2m 2
In the last step I have used eq. (4). Now we can apply ng(z)l) = x so everything cancels out and finally

2mm

d
logZ = gs <h2ﬁ> l:VAfd/ngl (za)+ (V= Va) fd/2+1 (Z)]
= Ad = (Vafapr (2a) + (V= VA) fapir (2)]
For the special case when VA = % and d = 3 (as the consigna says) this is (replace za = ze /%)

log Z = gs% [fs ; (ze_BA) + f5/s (z)] v
2\

Now we calculate the number of particles of the system. This is

9
N = 2210gZ
“5, %8

14
= 9533 [foa (26772) + foga (2)]

Because the Fermi energy is the chemical potential at temperature T = 0 we will use the Sommerfeld’s approximation

105 RESUELTOS |
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fo(z) = g?f_f)lu) which is valid for z > 1 (i.e. at T — 0). Then

V| log (2 2)"  (log2)°*
208 I'(5/2) I'(5/2)

N = g
v _(log (PE=2))F  (logedh)
o | TR T0R)

Bu-a)* (@’

3 <27rﬁ2ﬂ) [ C ) +r<5/2>]
;
G

3
2

wlw

3
2

Jsor /)(2:;2> {(FfA)%+EF%}

N

Calling a £ the previous equation is

(S

m

v
gs 2r(5/2) (27rh2

EF% + (6F — A)

For A = 0 we could consider

_ (NP (5/2) > 2mh?
gsV m

2
The consigna says that A < % (%) ® ~ epg. Thus, we can consider

3 1
7§EF(§A+

3
2

3
s0 €p2 + (ep — A)2 = a becomes

3 1
€r2 +epd ——eriA=a

N
N W

and from here, apparently, it can be obtained

€EF R Epg+ — vV

2
Item b
From the previous item we know
N = gugs e (50792) + fia (2]
= Na+Ng

For T'>> {E we have z — 0 = f, (2) & z so
Vo _
NA:gsﬁze sa

Vv
No = gsﬁz

N = gs% [zeiﬁA —l—z]

> N 1 N 1
A -y 0 -
N 1+ efA N e f2r41
When T' — oo it is easy to see that % = % = % what means that the particles distribute indifferently between the two

sides of the volume.
For T — 0 the case is z > 1 so Sommerfeld applies and, as we have find in the previous item,

N = g (5a) [fen - 2+ o]
= Na+ DNy
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SO
3

Na_ (=8P N cr

vl lee

v

N (EF—A)%'FEF% N (GF—A +EF%

As A — ep we see that % — 0 and % — 1, which means that all the particles will be at the zero potential side.

Item c

The energy is

0
vo=- %J V,z lOgZ
9 \%4 _
= — 3BJ v (932)\3 [f5/2 (Ze BA) + f5/2 (Z)]>

I

|
Q
@

% (2:;12)% aaBJVZ (ﬁ_% [f5/2 (Ze_BA) + 5/ (Z)])

g ( mz)% (353 [foge (2e772) + foga (2)] + B2 fiya (ze72) (A))
\%4

3

) (—‘;’5-3 [fopa (26772) + fopa ()] = B72 A foye (ze"”))

I

\
)
@

The math is a high fiaca...

Problem 2
Item a

The particles have spin 0, thus they are bosons. In consequence the partition function is

logZ = - Z log (1 — zeiﬁei)

Vmonoparticular state

= — Z log (1 — ze~Benises "“‘))

V{nl,.wnd}}

The monoparticular states are given by all the possible combinations of the quantum numbers ni,...,ny. Because this
numbers are all independent one another then

_ i i log (1 _ Ze_BE(nlv“'vnd))

logZ =
n1:0 nd:0
= — Z Z log (1 — ze_Bh‘”("1+“'+"d))
n1=0 ng=0

From now on there are two approaches. One is to consider the change of variable for the summation n = ny +--- 4+ ng
and include the degeneration g = g (n,d) as follows

log Z = — Z g (n,d)log (1 — ze‘ﬁhwn)

n=0

This approach is the one I have followed in my previous resolution of this exercise, see page 18.
The other way is to consider the passage to the continuous right now in the next way

10g Z = IOg qundamental + 1Og Znon fundamental states
~ —log(l+2z)— e / dni ... dng log (1 — ze_Bh”("1+"'+”d))
TL1:0 nd:O
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Problem 2
o0 (o]
= 2 / / dlaa;...aq log( *ﬁh‘“(“f*"*aﬁ))
a1= aq =0
a [e]
= 22 / ..agqlog (1 — zefﬂh“’ﬁ)

(3) 0

Not this way... I really don’t know how to apply the approach for using the surface of the sphere that we are told in the

consigna.

201808060121
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7. 13/07/2016

Consigna

Problema 1

Considere un gas de N electrones atrapados en una trampa armonica d-dimensional de frecuencia angular w, sobre el
que actia un campo magnético uniforme de médulo B. Las energias monoparticulares son pues las del oscilador arménico
en d dimensiones més un término FuB, donde 1 es el momento magnético del electrén y el signo — (+) corresponde a que
el espin se oriente paralelo (antiparalelo) al campo. El sistema se encuentra a temperatura 0.

(a) (Qué condicién debe satisfacer B para que todos los espines estén orientados paralelamente al campo?
(b) Calcule la energia de Fermi en el caso B = 0.
(c) Calcule la susceptibilidad magnética del gas. Discuta su resultado.

Ayuda: segin como afronte el problema le sera util saber que el volumen de una esfera de radio 1 en un espacio de 2d

. . d . k)!
dimensiones es %, o bien que w ~mF

p— cuando m > k.

Problema 2

Considere un gas de particulas idénticas de espin 0 y masa m contenido en un recipiente cilindrico de altura L, en presencia
del campo gravitatorio terrestre.

(a) Calcule la funcién de particién gran canénica del sistema en términos de sus variables naturales y la funcién gs/,.

(b) Pruebe que la temperatura critica satisface T > T donde T es la temperatura critica en ausencia de gravedad.
Discuta cualitativamente por qué es asi.

(c) Suponiendo que mgL < kT, donde g es la aceleracién de la gravedad, calcule la temperatura critica en términos
de T, incluyendo la primera correccién debida al campo gravitatorio.

Ayuda: gss, (e7) = ( (3/2) — 2y/ma para a < 1.

Problema 3

Considere una cadena de Ising unidimensional, cerrada, sin campo magnético, formada por N espines y con constante de
acoplo adimensional 5J = K.

(a) Si £ es un divisor de N, pruebe que los espines ubicados en las posiciones ¢,2¢,..., N ( es decir, las posiciones
multiplos de £) se comportan como una nueva cadena de Ising con constante de acoplo adimensional K’ dada por

tanh K’ = (tanh K)’

Ayuda: escriba las probabilidades en términos de la matriz de transferencia. Va a tener que calcular sus autovalores.

(b) Encuentre los puntos fijos y estudie su estabilidad.
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Problem 1

Item a

First off all, as always, we need the partition function. Because electrons are fermions then

log Z = Z log (1 + ze_BEi)

Vmonoparticular state

Although the consigna says that the monoparticular energies are just € = hiw (n1 + -+ + ng) + suB (s = £1 indicates the
direction of the spin) I think they are
2
e=2 L hw(ni 4 +na)+suB
2m
because we are dealing with a gas. Unfortunately, in the real exam I have used the first one ®. Hope it’s OK. Then we can

calculate the partition function as

logZ = Z log (1 + 26—56(47177”17<~-»7ld»3))
Va,p,{ni},s

= ZZ Z Zlog (1 + Zefﬁe(q,p,n17,,,,nd,8))

Yq Vp V{n;} Vs

dd dd
TE e

vq vp V{n } Vs

where the last approximation is due to the magical quantum mechanical stuff.
Now we can consider the change of variable m = ny + - -+ n, so that

log Z = // ddqddp i Zg m,d) log <1+ze 5|:2m+ﬁwm+suB:|>

Vq Vp m=0 Vs

where g (m, d) is the degeneration, which is

m+d—1
= (7571
because it is the number of ways that identical energy quanta can be distributed in numbered boxes n1,ns,...,ng. Then
ddq ddp i m —+ d —B |:2m +ﬁwm+s,uB:|
logZ = pR— // ZZ log 1+ ze
Vg Vp m=0 Vs
dd dd 5|: m+hwm+s B:|
~ =1 // 1 /dm Zmd 1log<1+ze : !
Vq Vp 0 Vs

where I have used the help from consigna just because otherwise I don’t know how to continue with the calculation. So

ddqdd d—1 —B 2m+ﬁwm+sp,B
logZ = d— 1! // /d Zm log [ 1+ ze [ ]

Vq Vp
dd dd
- 1 // ) / Zmd llog (1+ng€ 2'")
Vq Vp
14 d—1 d grt
= mz dm m d%p log | 14 zypse™ " 2m
vp
v % d—1 i d—1 2
T @-nhiT(9) Z/dmm /drr log(1+zmse Bzm)
0
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Problem 1

7 13/07/2016

where in the last equality I have just changed variable to spherical coordinates. Thus

o0 o0
Vv oS a1 dr _1 da—1 B
os? = ity X[ [ Rl )
AS 0 LE-1
Vooat T T (4+1)
= dm md—1-22 farar1 (Zms)
(d—l)'hdf(g)%; (£>%d /211
0 2m ) 2
Voof2mm\i [, 4T (d+1
= (d—l)'(h2ﬁ> Z/dmm F(d)é fd/2+1 (st)
N - , Vs 2/ 2
A~ =1
Vo1 T B B(hwmts
= S [ A e (e 0
Vs 0

How to go on?
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8. Resumen de férmulas y cosas
Matematicas
n—1
1—7rm !
o T (m + k) ek
1—r m! m>k
k=0
T _e? sinh x 23 || Ocoshx . Otanh x 2 1
a1 p— — <1 - = h = =
sinh 5 tanh cosh 2 sinh z i + 3 oz +sinhz O cosh (22) +1  cosh?z
z - 1 1 =z || Ocothx 1
cosiE T = tamhe IQZ x * 3 ox sinh? x
ot
dip = T (d) r4=1 dr — Pasaje a esféricas en d dimensiones
2
3 Y2
T(z+1) r (2) T2
x
= I'(n)=(n-1)!
I (z) 5\ 3 .,
I'f=-)=-7
2 4
Truco para calcular gaussianas
1 1
o0 Io—o == E In—1=—
N /x“e_wzda: 2V 2y
¢ 1 /m
Ia: - = -y
0 275 .
d™ =0 d"lo—1
I(x:nEN" pares — d,;tn Ia:nEN° impares — d:n
U = ae™® ™ — Particula libre
-2 - - - -
6| Ve[ = Ve Vo4 Vo Vour
5| WP = U6 + WHU*
VO Vo0 = V0w 4 V- (VUw)
Funcién g,
Se define -
gt 1 vl
v = d
9 (2) F(l/)/ YT 1
0
y la féormula que siempre usamos es
r T (a+2)
a —bu
/duu log (1 — ze~"") ~ e (a+1)ga+2(z)
0
Tiene las siguientes propiedades
= Son todas crecientes.
- 09y _ Gv—1
oz — oz
" g, (2) — 2.
z—0
G=d™ " donde ¢ () =3 L es la funcion zeta de Ri
v n v) = = es ncién z iemman.
g (2 cw) V>10e nen ne es la funcion zeta de Riemma
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Funcién f,
Se define -
v—1
def X
v = d
Ju(2) r(u)/ Tl 1

0

y la férmula que usamos siempre es (ver deduccién en pag. 35)
/du ualog(l—l—ze_b“)—Mf 2(2) (4)
b+l (a + 1) at

Sus propiedades son
- f/ (Z) _ fvfl(z).

s f, (2) — z (0 sea altas temperaturas).
21

s Para z > 1 (o sea bajas temperaturas) tenemos la aproximacién de Sommerfeld que es

(log 2)” mv(v-1) 3
FPEO=0 70 "6 (oga T C (1052 3)1

Ensamble gran candnico

Zac = Z e Aleimni)
V estados
0 . 0
<N> = Z@ IOg ZCG <N> = Z <Nz> with <Nz> = Z& IOg Zmonoparticular i

Vmonoparticular state

1 0
log Z
NﬁaB 0g Zagc

0
U=—-— log Z,
66JVZ Booe

(1]

[ =PV
B - kBTlog ZGC

\ 2mh2 \/ 2rh25 [ 123
mkgT 2mm

Teorema de particulas indistinguibles y no interactuantes.

Si se tiene un sistema de particulas indistinguibles y no interactuantes entre si entonces su funcién de particion gran
canodnica se puede factorizar segin

log Zae = Z log Z; Z; = Z (zeiﬁei)n

V monoparticular state % V allowed particles n

donde z = eP¥ es la fugacidad (p el potencial quimico) y

{0,1} Fermions

V allowed particles n =
{0,1,2,...,00} Bosons

son las cantidades de particulas permitidas para cada estado monoparticular. Los estados monoparticulares son los estados
en que puede estar cada una de las particulas'® (creo que son algo asf como las celdas del espacio de fases).

Fermiones

er (V,N) = hmM(TVN)—)Isthlsok7

log Zgc = gsﬁfd,/2+1 (z) — Ideal gas in d dimensions

16 Spin up o down son, por ejemplo, dos estados monoparticulares.
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Bosones
log Zog = — Z log (1 — ze 7<)
Vmonoparticular state
N[N T>Te
No+ N, T<T¢
2 (T) T>Tc
z =
Zmax = eﬁ€fundamental T S TC
Ising

EALF

—JZsisj —,uBZsi
(i,3) Vi

Vi je]:’ Vi

—%Z Z sisj—uBZsi

J
%meanﬁeld:7J‘V|525i+§§2N|V|*MBZSi

Vi

Vi

%ll system — § ji&cell i

Vcells

%ne cell = _g Z Z §i85 — J ‘ Vexternal | (5

Viecell jevinternal

>

Viecell

11
+|CZ |52>—MB Z s,

Viccell

(5) = —

- |cell | Bu OB

0
IOg Zcell §= <5>
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